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In this paper, we introduce a level set topology optimization formulation considering coupled mechanical
and thermal loads. Examples considering stress and compliance minimization under temperature and
volume constraints, and mass minimization under stress and temperature constraints, are presented.
The p-norm of the stress field and temperature field is used to approximate the maximum stress and
temperature, respectively. We show that the minimal compliant topologies under temperature con-
straints do not necessarily have low stress values, and the stress and temperature requirements can be
conflicting. The results also show that designs obtained by ignoring the thermal or structural constraints
can result in high values of temperature or stress, respectively, thus demonstrating the importance of
using a coupled multi-physics model in the optimization.
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1. Introduction

This paper discusses topology optimization of load carrying
heat dissipating devices, which may be used in aircraft structures
to dissipate heat emanating from batteries, engines, or other heat
generating sources [1]. The structures in high temperatures are
prone to premature failure due to the combined thermo-
mechanical loads. In addition, batteries, especially lithium-ion bat-
teries can experience thermal runway if the working temperature
of the battery exceeds the limit. The design of such load carrying
structures which can also dissipate heat, using level set topology
optimization is the focus of this paper.

Topology optimization is an innovative and powerful tool used
for optimizing structures in engineering design. The most popular
topology optimizationmethods are density based methods, such as
Solid Isotropic Material Penalization (SIMP) method [2], where the
geometry is typically described by an element-wise constant dis-
tribution of material. Density based methods, however, do not
have a clear definition for the boundary of the structure. The level
set method, on the other hand, is a class of topology optimization
methods that has a precise definition of the boundary. During opti-
mization, the boundary is updated every iteration implicitly via the
level set function, allowing for an easy treatment of topological
changes such as merging and splitting holes. A comprehensive
review of the level set methods for structural topology optimiza-
tion can be found in [3].

Topology optimization of thermo-mechanical problems is chal-
lenging owing to the design-dependent nature of the thermal load-
ing. Rodrigues and Fernandes [4] presented a material distribution
approach to optimize the topology of a 2D solid subject to an
increase in temperature. The compliance of the structure is mini-
mized subject to a constraint on the volume. Xia and Wang [5]
used the level set method to optimize the topology of a structure
subject to an increase in temperature by minimizing the compli-
ance subject to a volume constraint. Gao and Zhang [6] proposed
the penalization of the thermal stress coefficient for topology opti-
mization under thermo-elastic stress loads for minimum compli-
ance. The above studies found that the volume constraint could
be inactive for such thermo-elastic topology optimization prob-
lems. Pedersen and Pedersen [7] argued that since compliance
minimization causes inactivity of the volume constraint, it is not
a useful objective function in thermo-elastic topology optimization
problems. They instead proposed that optimizing for a uniform
energy density is more useful, and showed that this objective func-
tion also was close to fulfilling strength maximization (stress
minimization).

Stress-based design of thermal structures was presented by
Deaton and Grandhi [8], where they explored different objective
and constraint functions including mass minimization subject to
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a stress constraint. In [9], topology optimization was applied to
design a 3D nozzle flap to minimize the compliance subject to con-
straints on the thermo-elastic stresses in specific areas of the
domain. Takalloozadeh and Yoon [10] developed a topological
derivative formulation for stress minimization problems consider-
ing thermo-elastic loading. In these studies, the temperature was
assumed to be constant and independent of topology.

In reality, however, the temperature distribution of the struc-
ture is dependent on the design, in the presence of heat sources
or heat sinks due to heat conduction inside the structure. Li et al.
[11] presented the multi-objective optimization for uniform stress
and heat flux distributions of a structure under a given mechanical
and thermal loads. Kruijf et al. [12] studied the influence of heat
conduction in both structural and material designs. Specifically,
they presented a multi-objective topology optimization formula-
tion, where two conflicting design criteria—the heat conduction
and structural stiffness performances—were optimized. Gao et al.
[13] optimized the topology of a structure with multiple materials
under steady-state temperature and mechanical loading by mini-
mizing the compliance subject to a mass constraint. More recently,
Kang and James [14] presented multimaterial topology optimiza-
tion with elastic and thermal response considerations. They con-
ducted parallel uncoupled finite element analyses to simulate the
elastic and thermal response of the structure. Zhu et al. [15] pre-
sented topology optimization of coupled thermo-mechanical prob-
lems by minimizing the compliance of a structure subject to
volume and temperature constraints.

Stress based design of structures considering heat conduction
was discussed by Takezawa et al. [16]. The volume of a structure
was minimized under the constraints of maximum stress and ther-
mal compliance. Deng and Suresh [17] presented stress constrained
topology optimization undermechanical loads and varying temper-
ature fields. In [17], a topological sensitivity based level set method
with an augmented Lagrangian method was developed to explore
the Pareto topologies. However, topology optimization of thermo-
mechanical structures considering heat conduction subject to both
maximum temperature and stress constraints is not found in the
literature. Constraining the maximum temperature of a structure
is essential for a battery pack design, as high temperatures in the
structure can trigger thermal runway inside the batteries, which
can be catastrophic. Such coupled multiphysics problems present
a more challenging design space and the thermomechanical stress
problems considering temperature constraints have not been suc-
cessfully resolved in the field of topology optimization.

Consequently, in this study, we present level set topology opti-
mization of structures under coupled mechanical and thermal
loads considering stress and temperature constraints. The level
set method is used for topology optimization, and the adjoint
method is used to compute sensitivities. The effectiveness of the
optimization method in demonstrated by designing an L-bracket
and a battery pack under thermal and mechanical loading. We
show that stress and temperature can be conflicting in optimiza-
tion. Finally, we discuss the importance of including both stress
and temperature constraints in the optimization process by show-
ing that the designs obtained by ignoring the thermal or structural
constraints can result in high values of temperature or stress,
respectively. This clearly demonstrates that the optimum stress
and temperature values obtained using a single-physics model
are far from the optimum stress and temperature values obtained
using the multi-physics model.
2. Optimization method

The optimization algorithm presented in this study uses two
separate grids: one to represent the level set function and one to
conduct the finite element analyses for structural and heat transfer
models. The boundary points and the volume fraction information
computed by the level set function is passed on to the finite ele-
ment analysis (FEA) mesh. The boundary velocities are optimized
using the sensitivity values and mathematical programming, and
are passed on to the level set grid. The level set function is updated
based on the boundary point velocities by solving a Hamilton–
Jacobi equation. In this section, the detailed descriptions of the
mathematical models developed are presented.

2.1. Level Set Method

In the level set method, the boundary of the structure is
described implicitly as [18]

/ðxÞ P 0; x 2 X

/ðxÞ ¼ 0; x 2 C
ð1Þ

/ðxÞ < 0; x R X

where /ðxÞis the implicit level set function, X is the domain, C is the
domain boundary. The boundary of the structure is changed under a
given velocity field VnðxÞ using the following Hamilton–Jacobi equa-
tion [19]

d/ðxÞ
dt

þ jr/ðxÞjVnðxÞ ¼ 0 ð2Þ

The above equation is solved numerically using the following
scheme:

/kþ1
i ¼ /k

i � Dtjr/k
i jVn;i ð3Þ

where i is a discrete point in the domain, k is the iteration number,
and j/ijis computed using the Hamilton–Jacobi weighted essentially
non-oscillatory (HJ-WENO [18]) scheme.

2.2. Heat transfer model description

The steady state heat equation [20] is used to model the heat
transfer of a structure, given by

�r � ðjrðDTÞÞ ¼ Q ð4Þ
where j is the conductivity coefficient, Q is the heat generation rate,
and DT ¼ T � Tref is the temperature difference from the reference
temperature Tref . The finite element analysis is used to solve the
above equation in the discrete form

Ktt ¼ qt ð5Þ
where Kt is the conductivity matrix, qt is the thermal load, and t is
the temperature difference DT computed on the finite element
nodes. Kt is given by

Kt ¼
XNe

i¼1

Ke
ti ¼

XNe

i¼1

jiK
e
t0 ð6Þ

where Ke
ti ¼ jiK

e
t0 is the thermal stiffness matrix of an element i;Ne

is the total number of finite elements, and Ke
t0 is the homogeneous

elemental thermal stiffness matrix given by

Ke
t0 ¼

Z
Xi

BTBdX ð7Þ

and

qt ¼
XNe

i¼1

qe
ti ¼

XNe

i¼1

Z
Xi

NTQdX ð8Þ

where N is the shape functions, and the gradient B ¼ rN is the gra-
dient of the shape functions, qe

t is the elemental thermal load, Xi is
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the domain of an element i, and ji is the conductivity coefficient of
the element i, given by

ji ¼ jmin þ xiðj0 � jminÞ ð9Þ
where xi is the fraction of the elemental volume cut by the level set,
jmin is the conductivity coefficient of the passively conducting
material, and j0 is the conductivity coefficient of the solid material.
The stiffness matrix Kt and the thermal load qt are assembled using
the above equations and Eq. (5) is solved to determine the temper-
ature distribution.

2.3. Thermo-elastic model description

The temperature distribution causes the structure to expand or
contract, resulting in thermal strain �t due to thermo-elasticity.
Specifically, the strain �t;i of an element i caused by the tempera-
ture change is given as

�t;i ¼ aiti ð10Þ
where ai ¼ xiais the coefficient of the linear expansion of the ele-
ment i;a is the coefficient of linear expansion of the solid material,
and ti is the temperature change of the element. The elemental
strain is imposed on the element as an equivalent thermo-elastic
force f eti, given by [7]

f eti ¼ He
i t

e
i ð11Þ

where tei is the temperature change at the nodes of an element i, and
He

i is the elemental thermo-elastic force generating matrix given by

He
i ¼ xiH

e
0 ð12Þ

where

He
0 ¼

Z
Xi

aBT
s C�

eNsdX ð13Þ

and Bs is the gradient of the displacement shape function matrix
Ns;C is the elasticity tensor, and �e is the unit principal strain. The
elemental thermo-elastic force is assembled to form the global
thermo-elastic force f t as

f t ¼
XNe

i¼1

f eti ¼ Ht ð14Þ

where H is the matrix that assembles the thermo-elastic force from
a given temperature distribution given by

H ¼
XNe

i

He
i ð15Þ

The thermo-elastic force is added to the mechanical force f m, and
the following equation is used to compute the displacement d under
mechanical and thermal loads

Ksd ¼ f m þ f t ¼ f m þ Ht ð16Þ
where Ks is the structural stiffness matrix of the structure, given by

Ks ¼
XNe

i¼1

Ke
si ¼

XNe

i¼1

EiK
e
s0 ð17Þ

where Ke
si ¼ EiK

e
s0is the elemental stiffness matrix of an element i,

and Ke
s0 is the homogeneous elemental stiffness matrix, given by

Ke
s0 ¼

Z
Xi

BT
s CBsdX ð18Þ

and Ei and E are the elasticity moduli of the element and the mate-
rial, given by

Ei ¼ Emin þ ðE� EminÞxi ð19Þ
where Emin is the elasticity modulus of the void.

2.4. Optimization problem formulation

The objective of this study is to solve the following optimization
problem

min
X

J ¼ RX JðXÞdX

subject to Ktt ¼ qt

Ksd ¼ f m þ Ht

Gj ¼
R
X GjðXÞdX 6 g0

j j ¼ 1;2; . . . ;Ng ;

ð20Þ

where J is an objective function, Gj is the jth constraint function, g0
j is

the jth constraint value, and Ng is the number of constraints. The
objective function J and the constraint function Gj can be compli-
ance, mass, stress, or temperature. The temperature state equations
(Eq. (5)) and and the thermo-elastic state equations (Eq. (16)) are
included as equality constraints in the optimization formulation
in Eq. (20).

For a given level set function topology, the objective and con-
straint functions are linearized using the boundary point sensitiv-
ities; and a sub-optimization problem is constructed using the
sequential linear programming method for level set topology opti-
mization [21]. The sub-optimization problem is solved using the
Simplex method [22], yielding the optimum boundary point veloc-
ities. The level set function is numerically updated using the
boundary point velocities by solving Eq. (3). This process is
repeated until convergence is obtained.

2.5. Sensitivity computation

In this section, the computations of the boundary point sensitiv-
ities for compliance, maximum stress, and maximum temperature,
using the adjoint method are presented. First, the sensitivities are
calculated at the centroids of all the elements from which the
boundary point sensitivities are determined using the least squares
interpolation [23].

2.5.1. Compliance sensitivities
The compliance of the structure under thermal and mechanical

loads is given by

C ¼ dTKsd ¼ f Td ¼ ðf m þ HtÞTd

The Lagrangian function L of compliance is defined as

L ¼ ðf m þ HtÞTdþ kTdðf m þ Ht � KsdÞ þ kTt ðf t � KttÞ ð22Þ

where kd and kt are the adjoint variables corresponding to structural
displacement d and temperature t. kd is computed by solving @L

@d ¼ 0,
which yields

f T � kTdKs ¼ 0 ð23Þ

Next, kt is computed by solving @L
@u ¼ 0, which yields

kTdH � ktKt ¼ 0 ð24Þ

The Lagrangian function L is differentiated with respect to the vol-
ume fraction xi of each element to compute the elemental centroid
sensitivities of compliance si, given by
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si ¼ @L
@xi

¼ @
@xi

ðf m þ HtÞTdþ kTdðf m þ Ht � KsdÞ þ kTt ðf t � KttÞ
� �

¼ tT @H
@xi

dþ kTd
@H
@xi

t � kTd
@Ks
@xi

d� kTt
@Ks
@xi

t

¼ teTi He
0d

e
i þ keTdi H

e
0t

e
i � keTdi K

e
s0d

e
i � keTti K

e
t0t

e
i

ð25Þ

where kedi and keti are the adjoint variables of displacement and tem-
perature at the element nodes, respectively, de

i and tei are the dis-
placement and temperature values at the nodes, respectively.

2.5.2. Maximum stress sensitivities
The maximum stress of a structure is approximated by the p-

norm of the stress field which is given by

rp ¼
XNe
i¼1

rp;i

 !1=p

¼
XNe
i¼1

XNg
j¼1

rp
vm;ij

 !1=p

where rvm;ij is the von Mises stress of an element i at a Gauss point j,
Ne is the number of elements, and Ng is the number of Gauss points.
rvm;ij is given by

rvm;ij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rT

ijVrij

q
ð27Þ

where V is the Voigt matrix [24], and rij is the stress tensor of an
element i at a Gauss point j, given by

rij ¼ xiCðBs;ijd
e
i � �t;ijÞ ð28Þ

where �t;ij ¼ Bt;ijtei is the thermo-elastic strain, and

Bt;ij ¼ a�eNj ð29Þ
The Lagrangian functionL of the p-norm stress under the structural
and thermal equilibrium is given by

L ¼ rp þ kTdðf m þ Ht � KsdÞ þ kTt ðf t � KttÞ ð30Þ

The adjoint variable kd is computed by solving @L
@d ¼ 0, which yields

f r � kTdKs ¼ 0 ð31Þ

where f r ¼PNe
i f iris the adjoint force computed by assembling the

elemental adjoint forces f ir, given by

f ir ¼ @rp;i

@de
i

¼ @

@de
i

XNg
j¼1

rp
vm;ij

 !
¼ r1�p

p

p

XNg
j¼1

prp�2
vm;ijr

T
ijVCBs;ij ð32Þ

The adjoint variable kt is computed by solving @L
@t ¼ 0, which yields

f r;t � kTt Kt ¼ 0 ð33Þ

where f r;t ¼
PNe

i f ir;tis the adjoint force computed by assembling the

elemental adjoint forces f ir;t , given by

f ir;t ¼
@rp;i

@tei
¼ @

@tei

XNg
j¼1

rp
vm;ij

 !
¼ �r1�p

p

p

XNg
j¼1

prp�2
vm;ijr

T
ijVCBt;ij ð34Þ

Next the Lagrangian function L is differentiated with respect to the
volume fraction of each element i to compute the sensitivities of the
p-norm stress sr;i, given by
sr;i ¼ @L

@xi
¼ @

@xi
rp þ kTdðf m þ Ht � KsdÞ þ kTt ðf t � KttÞ
� �

¼ @

@xi

XNe
i¼1

XNg
j¼1

rp
vm;ij

 !1=p

þ kTd
@H
@xi

t � kTd
@Ks

@xi
d� kTt

@Ks

@xi
t

¼ r1�p
p

p

XNg
j¼1

prp�2
vm;ijr

T
ijCðBs;ijd

e
i � �t;ijÞ

h i
þ keTdi H

0
e t

e
i � keTdi K

0
sed

e
i

� keTti K
e
t0t

e
i ð35Þ

The sensitivity of the maximum stress is then approximated as

si ¼ max
8 i;j

ðrvm;ijÞ sr;irp
ð36Þ
2.5.3. Temperature sensitivities
The maximum temperature of the structure is approximated

using the p-norm of the temperature vector on the nodes. The p-
norm Tp of the temperature is given by

Tp ¼
X
i¼1

Nnt
p
i

 !1=p

ð37Þ

where Nn is the number of finite element nodes. The Lagrangian
function L of the temperature under the thermal equilibrium is
given by

L ¼ Tp þ kTt ðf t � KttÞ ð38Þ
The adjoint variable kt is computed by solving @L

@t ¼ 0, which yields

T1�p
p

p
tT � kTt Kt ¼ 0 ð39Þ

The Lagrangian function L is differentiated with respect to the vol-
ume fraction of each element i to compute the elemental centroid
sensitivities of the pnorm of temperature sT;i, given by

sT;i ¼ @L

@xi
¼ @

@xi
Tp þ kTt ðf t � KttÞ
� � ¼ �kTt

@Kt

@xi
t ¼ �keTti K

0
t0t

e
i ð40Þ

The sensitivity of the maximum temperature is computed as

si ¼ max
8i

ðtiÞ sT;iTp
ð41Þ
3. Numerical examples

In this section, the numerical examples are presented. The com-
pliance and stress of the structures are minimized under a volume
constraint and a range of maximum temperature constraints. Next,
the mass is minimized under stress and temperature constraints,
and the resulting designs are compared. To the best of our knowl-
edge, these examples, i.e., (a) the minimization of compliance and
stress subject to volume and maximum temperature constraints
and (b) minimization of mass subject to maximum stress and max-
imum temperature constraints are not found in literature. The sen-
sitivity analysis presented in Sections 2.5.1–2.5.3 for compliance,
maximum stress, and maximum temperature, is used for the opti-
mization. The first example is an L-bracket design, which is a clas-
sic benchmark problem for stress based topology optimization
[25–27]. The L-bracket has a stress concentration at its re-entrant
corner under the tip mechanical load. The objective is to design the
structure by minimizing stress, thus effectively eliminating the re-
entrant corner in the design. In this study, we augment the bench-
mark L-bracket problem by adding heat transfer physics to inves-
tigate the effects of thermal constraints in the optimized design.
The next example is the design of a battery pack, which is com-
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monly used in the design of electric aircraft such as the NASA’s X-
57 ‘‘Maxwell” aircraft [28]. We study the load-carrying and heat
dissipating capability of light-weight optimized battery packs.
From hereafter in the paper, unless otherwise mentioned, the word
stress refers to von Mises stress.

3.1. L-bracket design

A schematic of an L-bracket (dimensions are 0.1 m � 0.1 m and
a thickness of 0.01 m) is shown in Fig. 1. A square section of dimen-
sions 0.06 m � 0.06 m is removed from the top-right side to form
the L-bracket. The finite element mesh of size 100� 100 elements
is used. A force F = 5 kN is applied on the right hand side and the L-
bracket is clamped on the top. A thermal load Q ¼ 1:38 W is
applied on the right hand side and the top portion acts as a heat
sink with T ¼ 20 �C. The elastic modulus of the structure (tita-
nium) is E ¼ 120 GPa with Poisson’s ratio m ¼ 0:36, density
q ¼ 4500 kg/m3, and thermal conductivity j ¼ 20W/m/�C. The ref-
erence temperature used is Tref ¼ 20 �C.

3.1.1. Stress minimization
In this section, the p-norm stress rp of the L-bracket is mini-

mized subject to a volume constraint V0 6 50% of the L-shaped
design domain and the maximum temperature T� constraints rang-
ing from 70 �C to 90 �C. The value of p ¼ 12 is used in this study.
The optimization problem can be described as

min
X

rp

subject to Ktt ¼ qt

Ksd ¼ f m þ Ht

V 6 V0

T 6 T�

ð42Þ

Fig. 2 shows the optimal topologies, their stress and tempera-
ture distributions obtained by minimizing the p-norm stress for
varying maximum temperature constraints, and the actual maxi-
mum temperature of the structure Tmax. The corresponding p-
norm stress and the maximum stress values are shown in Fig. 3.
In Fig. 2a, the optimized design for a temperature constraint of
T� ¼ 70 �C is shown, where we can see that the optimum design
has a sharp re-entrant corner. For such low values of temperature
constraint, the optimizer tries to minimize the thermal load path
distance from the heat source to the heat sink. Therefore the opti-
mum design has material along the right angle of the L-bracket,
retaining the sharp re-entrant corner, so as to minimize the ther-
mal load path distance. As a result of the sharp re-entrant corner
the maximum stress of the structure is high (greater than
1000 MPa).

In Fig. 2b the optimized design for a temperature constraint of
T� ¼ 75 �C is shown. We can see that the optimum design has a
slightly rounded off re-entrant corner compared to the optimum
topology for T� ¼ 70 �C (Fig. 2a). This is because for T� ¼ 75 �C,
Fig. 1. A schematic of an L-bracket subject to mechanical and thermal loading.
the optimized design need not have the shortest load path distance
from the heat source to the heat sink. Therefore, the optimizer can
now slightly round off the re-entrant corner and distribute mate-
rial such that the stress is reduced while satisfying the temperature
constraint. The maximum stress in the structure is now decreased
from over 1000 MPa to approximately 400 MPa.

In Figs. 2c to 2e, the optimized design for a temperature con-
straint of T� ¼ 80 �C to T� ¼ 90 �C is shown. As the maximum tem-
perature constraint is relaxed, the optimizer has more freedom to
distribute material so as to further minimize the stress. As a result,
the topology gets wider and more rounder near the re-entrant cor-
ner and the maximum stress is reduced. The maximum stress for
all three cases in Figs. 2c to 2e is approximately 300 MPa. Further-
more, the temperature constraint is active in all the cases except
for when T� ¼ 90 �C, with the maximum temperature
Tmax ¼ 88 �C (Fig. 2e).

In conclusion, from Figs. 2 and 3, we can see that for low values
of temperature constraint, the optimizer retains the re-entrant cor-
ner to satisfy the temperature constraint, resulting in high values
of stresses. As the temperature constraint is relaxed, the optimizer
rounds off the re-entrant corner, resulting in lower stress values.
Specifically the maximum stress is reduced from over 1000 MPa
to approximately 300 MPa, when the temperature constraint is
increased from 70 �C to 90 �C.

3.1.2. Compliance minimization
In this section, the designs are optimized by minimizing com-

pliance instead of stress. We contrast the designs obtained by min-
imizing the compliance with the designs obtained by minimizing
the stress. Specifically, the compliance C of the L-bracket is mini-
mized subject to a volume constraint V0 ¼ 50% and maximum
temperature T� ¼ 80 �C. The optimization problem can be
described as

min
X

C

subject to Ktt ¼ qt

Ksd ¼ f m þ Ht

V 6 V0

T 6 T�

ð43Þ

Fig. 4a shows the optimal topology and the corresponding stress
and temperature distributions obtained by minimizing compli-
ance. For the sake of comparison, we show in Fig. 4b the optimum
topology and the corresponding stress and temperature distribu-
tions obtained by minimizing stress for the same set of constraints.
From Fig. 4a, we can see that the optimal compliance design and
the optimal stress design have the same value of volume, 50%
and the same maximum temperature, 80 �C. However, the optimal
compliance design has a sharp re-entrant corner and as a result, a
high value of maximum stress, 624 MPa. On the other hand, the
optimal stress design has a rounded re-entrant corner and as a
result, a low value of maximum stress, 281 MPa, which is a 55 %
reduction in maximum stress. In conclusion, we can see that for
the L-bracket example, minimizing compliance under a volume
constraint and a maximum temperature constraint does not result
in low values of stresses.

3.1.3. Mass minimization under stress and temperature constraints
The compliance minimization or stress minimization subject to

a volume constraint is a common optimization formulation found
in topology optimization literature. However, the mass minimiza-
tion subject to stress and/or temperature constraints is a more
prominent optimization formulation used by designers in industry.
In this section, the mass minimization of the structure subject to



Fig. 2. Optimal topologies, and the corresponding stress and temperature distributions obtained by minimizing the p-norm stress subject to a volume constraint of 50% and a
range of maximum temperature constraints. The stress plots are clipped at 300 MPa.

Fig. 3. Optimal p-norm stress and corresponding maximum stress obtained by
minimizing the p-norm stress subject to a volume constraint of 50% and a range of
maximum temperature constraints.
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constraints on the maximum stress and temperature is investi-
gated. The temperature constraint T� ¼ 85oC and the stress con-
straint r� ¼ 300 MPa. The obtained design is compared against
Fig. 4. Optimal topologies obtained by minimizing structural com
the optimized design obtained by ignoring stress or temperature
constraints, and the benefits of including both the constraints,
i.e., the advantages of using a multi-physics approach to solve this
problem is discussed. The optimization problem can be described
as

min qV
subject to
Ktt ¼ qt

Ksd ¼ f m þ Ht

r 6 r�

T 6 T�

ð44Þ

In Fig. 5a, the minimum mass design subject to both stress and
temperature constraints is shown. The optimized mass of the
structure is 126 g, and the temperature and stress constraints are
satisfied. In Fig. 5b, the minimum mass design subject to only
the stress constraint is shown. The optimal mass is 90 g, which is
lower by 29% than the optimal mass obtained for the design with
pliance and stress. The stress plots are clipped at 300 MPa.



Fig. 5. Minimum mass designs of the L-bracket subject to temperature and/or stress constraints. The stress plots are clipped at 300 MPa; while the temperature plots are
clipped at 90 �C.
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both stress and temperature constraints (126 g). For this case, the
stress constraint is satisfied, but the maximum temperature is sig-
nificantly high (113 �C). On the other hand, when the mass is min-
imized subject to only the temperature constraint, the optimal
mass is 101 g, which is also lower by 20% than the optimal mass
for design case with both stress and temperature constraints
(126 g). For this case, the temperature constraint is satisfied, but
the maximum stress of the structure is significantly high,
2252 MPa (a 650% increase).

In conclusion, this investigation shows that using a multi-
physics approach for this problem, i.e., including both stress and
temperature constraints in the optimization, yields a heavier
design compared to the designs obtained using a single-physics
approach, i.e., with ignoring stress or temperature constraints.
However, the designs obtained by ignoring stress constraints have
significantly higher values of stress, and the designs obtained by
ignoring temperature constraints have significantly higher values
of temperature, as one might expect.

To gain some mathematical understanding on why the multi-
physics model yields a heavier design, we present a design space
exploration study of a simple two bar truss example as shown in
Fig. 6a. Both of the bars are pinned on the left side and a vertical
force F is applied on the right side. The bar on the bottom (Bar-2)
is attached to a heat sink (T ¼ 0) and a thermal load of Q is applied
to the bar on the top (Bar-1). The bars are assumed to be having
unit values for depth, length, density, and elastic modulus. The
conductivity coefficient of Bar-1 and Bar-2 are 1 and 0.25, respec-
tively. The design variables are the bar thicknesses w1 2 ½1;2� and
w2 2 ½1;2�, as shown in Fig. 6a. The analytical expressions for the
maximum stress rmax, the maximum temperature Tmax, and the
mass M of the two bar truss for F ¼

ffiffiffi
2

p
and Q ¼ 1 are given by

rmax ¼ 1
minðw1 ;w2Þ

Tmax ¼ 1
w1

þ 4
w2
M ¼ w1 þw2 ð45Þ
Fig. 6b shows the results of the design space exploration. Specif-

ically, the iso-contours of the mass M, maximum stress rmax and
maximum temperature Tmax for the design variables (the bar thick-
nesses) w1 2 ½1;2� and w2 2 ½1;2� are shown. In Fig. 6b, the design
point A (ðw1;w2Þ ¼ ð1;1:6Þ) which is the minimum mass design
subject to a temperature constraint of T� ¼ 3:5, has a mass of 2.6.
The design point B (ðw1;w2Þ ¼ ð1:25;1:25Þ) which is the minimum
mass design subject to a stress constraint of r� ¼ 0:8, has a mass of
2.5. The design point C (ðw1;w2Þ ¼ ð1:25;1:48Þ) which is the multi-
physics based minimum mass design subject to both: a stress con-
straint of r� ¼ 0:8 and a temperature constraint of T� ¼ 3:5, has a
mass of 2.73. In conclusion, this two bar truss example shows that
the optimized multiphysics based design C has a higher mass
(2.73) than the single physics based designs A and B (2.6 and
2.5). This is because the steepest gradients of the temperature
and stress w.r.t. to the design variables w1;w2 have different direc-
tions, which forces the optimizer to arrive at a heavier design for
satisfying both the constraints.

3.2. Battery pack design

In this section, topology optimization of a battery pack under
thermal and mechanical loading is presented. A schematic of a bat-
tery pack (dimensions are 20 cm � 20 cm � 5 cm) is shown in
Fig. 7. The structure is subjected to a uniform loading (F = 106 N/
m) on all four sides. Each battery cell (diameter of 2 cm) is assumed
to be a non-designable non-load carrying member and it generates
a thermal load of Q ¼ 90 W. The outer part of the structure is
assumed to be acting as a heat sink, with T ¼ 20 �C. Due to the
symmetry, only a quarter of the structure is modeled using an
FEA mesh of 100 � 100 elements. The elastic modulus of the struc-
ture is E ¼ 69 GPa and Poisson’s ratio m ¼ 0:3, density q ¼ 2700 kg/
m3, and thermal conductivity j ¼ 235 W/m/�C. The reference tem-
perature used is Tref ¼ 20 �C.

3.2.1. Stress minimization
In this section, the p-norm stress of the structure is minimized

subject to a volume constraint of 45%, for maximum temperature
constraints from T� ¼ 50oC, 55oC, and 60oC, and the corresponding
optimum topologies obtained are shown in Fig. 8. In Fig. 8a, the
optimum design for a low value of a temperature constraint
T� ¼ 50 �C is shown. For this case, we can see that the optimum
topology has a lot of material along the horizontal and vertical axes



Fig. 6. (a) Schematic of a two bar truss. (b) The iso-contours of mass, maximum stress and maximum temperature of a design study of the variables w1 and w2.

Fig. 7. A schematic of a battery pack subject to mechanical and thermal loading.

Fig. 8. Optimal topologies, and the corresponding stress and temperature distributions ob
range of maximum temperature constraints. The stress plots are clipped at 100 MPa an

8 S. Kambampati et al. / Computers and Structures 235 (2020) 106265
of symmetry of the structure. The battery cell at the center is the
farthest from the heat sink, therefore the region around this bat-
tery cell is the hottest region. Therefore, for low values of the tem-
perature constraints, the optimizer tries to minimize the thermal
load path from the battery cell at the center to the heat sink on
the boundary—by adding material along the horizontal and vertical
axes of symmetry. As a result, we can see that many regions of the
structure are under high values of stress (regions in yellow in the
stress plot), with the maximum stress being 136 MPa.

In Figs. 8b and c, the optimum designs for a temperature con-
straints of T� ¼ 55 �C and T� ¼ 60 �C is shown, respectively. From
the figures, we can see that for increasing values of the tempera-
ture constraint, the optimizer removes material along the horizon-
tal and vertical axes of symmetry and redistributes them so as to
minimize stress while satisfying the temperature constraint. As a
result, the maximum stress in the structure is reduced, with the
tained by minimizing the p-norm stress subject to a volume constraint of 45% and a
d temperature plots are clipped at 45 �C.
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maximum stress values being 98.6 MPa and 97.7 MPa for the
designs with a temperature constraint T� ¼ 55 �C and T� ¼ 60 �C,
respectively. Clearly, the resulting maximum stress is highly sensi-
tive to the maximum temperature constraint imposed.
3.2.2. Compliance minimization
In this section, the battery pack is designed by optimizing for

compliance instead of stress. The obtained minimal compliant
design is compared with the minimum stress design. Specifically,
the compliance C of the battery pack is minimized subject to a vol-
ume constraint of 45% and a maximum temperature constraint of
55 �C.

Fig. 9a shows the minimal compliant topology, and the corre-
sponding stress and temperature distributions. For the sake of
comparison, we show in Fig. 9b the optimal topology and corre-
Fig. 9. Optimal topologies obtained by minimizing structural compliance and stress. Th

Fig. 10. Minimum mass designs of the battery pack subject to temperature and/or stre
clipped at 45 �C.
sponding stress and temperature distribution of the minimal stress
design subject to the same set of constraints (i.e., Fig. 8b).

From Fig. 9, we can see that the optimal compliant and stress
designs have the same volume of 45% and same maximum tem-
perature of 55 �C. However, the minimal compliant design has a
maximum stress of 106 MPa, while the minimal stress design
has a maximum stress of 98 MPa, which is a 8% reduction in max-
imum stress. In conclusion, we can see that for this example, the
optimal compliant design under a volume constraint and a maxi-
mum temperature constraint results in a higher value of stress
(as one would expect), compared to the optimal stress design. Con-
sequently, when performing an optimal compliant design, if the
maximum stress exceeds the yield stress (or failure stress) of the
material, the material can fail and negatively affect the heat dissi-
pation properties of the battery pack, thus catastrophically trigger-
ing thermal runaway.
e stress plots are clipped at 100 MPa and temperature plots are clipped at 45 �C.

ss constraints. The stress plots are clipped at 100 MPa and temperature plots are



Fig. 11. A CAD model of the lightweight battery pack optimized for stress and
temperature.
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3.2.3. Mass minimization subject to stress and temperature constraints
In this section, the mass of the battery pack structure is mini-

mized subject to the constraints on the maximum stress and tem-
perature. The maximum temperature constraint T� ¼ 50oC and the
stress constraint r� ¼ 100 MPa. The obtained design is compared
with the optimized design obtained by not including stress or tem-
perature constraints, and the benefits of including both the con-
straints, i.e., the advantages of using a multi-physics approach to
solve this problem is discussed.

The optimal design obtained subject to both stress and temper-
ature constraints is shown in Fig. 10a. The optimized mass of the
structure is 2.51 kg and the temperature and stress constraints
are satisfied. When the mass is minimized subject to only the
stress constraint, the optimal mass 1.85 kg (Fig. 10b), which is
lower (by 26%) than the design case with both stress and temper-
ature constraints (2.51 kg). The stress constraint is satisfied, but
the maximum temperature is significantly high, i.e., 81 �C. On the
other hand, when the mass is minimized subject to only the tem-
perature constraint, the optimal mass is 2.38 kg (Fig. 10c), which is
also lower (by 5%) than the design case with both stress and tem-
perature constraints (2.56 kg). The temperature constraint is satis-
fied, but the maximum stress of the structure is significantly
higher, 273 MPa (a 173% increase over the multi-physics design
in Fig. 10a).

In conclusion, this investigation, similar to the L bracket design
case, shows the importance of using a multiphyiscs approach for
solving this problem. Including both stress and temperature con-
straints, i.e., using a multi-physics approach in optimization yields
heavier designs compared to the designs obtained using a single-
physics approach, i.e., with ignoring stress or temperature con-
straints. Clearly, designs obtained by ignoring the stress con-
straints, yield stress states that are mechanically far from the
optimum; whereas the designs obtained by ignoring temperature
constraints are thermally far from the optimum—they have a sig-
nificantly higher values of temperature.

Finally, we show the advantages of using the level set method
for topology optimization. The structural boundary, which is
implicitly and precisely defined by the level set function, can be
readily represented as a CAD geometry model without any post-
processing. For instance, the CAD model of the minimummass bat-
tery pack design subject to the stress and temperature constraints
(Fig. 10a) is shown in Fig. 11.
4. Conclusion

Topology optimization under coupled mechanical and thermal
loads subject to stress and temperature constraints is presented
in this paper. The investigation revealed that stress and tempera-
ture can be conflicting criteria in optimization. Specifically, the
stress is decreased from 1000 MPa to 300 MPa, a 70% reduction,
when the temperature constraint is increased from 70 �C to
90 �C for the L-bracket example. For the battery pack example,
the stress is decreased from 136 MPa to 98 MPa, an 28% reduction,
when the temperature constraint is increased from 50 �C to 60 �C.

Additionally, the designs obtained by minimizing compliance
under temperature constraints do not necessarily have low stress
values. Specifically, the optimal compliant L-bracket designed for
a temperature constraint of 80 �C has a maximum stress of
624 MPa, while the L-bracket designed for stress has a maximum
stress of 281 MPa, which amounts to a 55% reduction in stress.
Similarly, the optimal compliant battery pack designed for a tem-
perature constraint of 55 �C has a maximum stress of 106 MPa,
while the battery pack designed for stress under the same 55 �C
temperature constraint has a maximum stress of 98 MPa, which
amounts to a 8% reduction in stress.

Finally, the importance of using a multi-physics model—a cou-
pled conduction and thermo-elastic model—in optimization is
demonstrated. The designs obtained by minimizing mass under
stress and temperature constraints are compared to the designs
obtained by minimizing mass under only stress or only tempera-
ture constraints. It is found that the designs obtained under both
of the constraints are heavier than the designs obtained under only
one of the two constraints. However, the designs obtained under
only temperature constraints have high values of stress; and the
designs obtained under only stress constraints have high values
of temperature. For example, the optimum mass of the L-bracket
designed under only the temperature constraint is 20% lighter
but has a maximum stress value that is 650% higher than the
design obtained by including the stress constraint. Similarly, the
optimal mass of the battery pack designed under only the temper-
ature constraint is 5% lighter but has a maximum stress value that
is 173 % higher than the design obtained by including both con-
straints. Thus, this demonstrates that the optimum stress and tem-
perature values obtained using a single-physics model are quite far
from the optimum stress and temperature values obtained using
the multi-physics model.

Our results show that some members in the optimum designs
are not under high values of stress, but they are necessary for sat-
isfying the temperature constraint. Therefore, we believe that fur-
ther design improvements may be achieved by judiciously
replacing the material throughout the structure with highly con-
ductive material in places where stresses are low to increase heat
dissipation and/or in high stressed areas with higher strength
material to minimize weight. Consequently, we believe that our
methodology will facilitate Integrated Computational Materials
Engineering (ICME), since it specifically enables integrating
multi-physics considerations in the design as well as fit- for- pur-
pose material design.
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